Understanding protein folding rate is the primary key to unlock the fundamental physics underlying protein structure and its folding mechanism. Especially, the temperature dependence of the folding rate remains unsolved in the literature. Starting from the assumption that protein folding is an event of quantum transition between molecular conformations, we calculated the folding rate for all two-state proteins in a database and studied their temperature dependencies. The non-Arrhenius temperature relation for 16 proteins, whose experimental data had previously been available, was successfully interpreted by comparing the Arrhenius plot with the first-principle calculation. A statistical formula for the prediction of two-state protein folding rate was proposed based on quantum folding theory. The statistical comparisons of the folding rates for 65 two-state proteins were carried out, and the theoretical vs. experimental correlation coefficient was 0.73. Moreover, the maximum and the minimum folding rates given by the theory were consistent with the experimental results. quantum folding, protein folding rate, temperature dependence, number of torsion mode, folding free energy
It is well known that a protein chain can spontaneously fold into its unique native structure [1, 2] . To paraphrase Levinthal's paradox, if a protein were to attain its correctly folded configuration by sequentially sampling all the possible conformations, it would require a period of time longer than the age of the universe to arrive at its correct native conformation [3] . Apart from theory, it is a fact that experimentally measured times for spontaneous folding of single-domain globular proteins range from microseconds [46] to tens of minutes [7] . Thus, how configurations of proteins are determined and what makes them fold so quickly are questions that constitute a longstanding puzzle in molecular biology. While two prominent models have been proposed to study the protein folding mechanism, folding nucleus [8, 9] and folding tunnel [1014], the importance of topology and contact order in protein folding has been recognized over the last 15 years, and many new models to predict the protein folding rate have been published [1529] .
Curiously, it is notable that the rate at which proteins fold is highly sensitive to temperature, showing non-Arrhenius behavior, i.e., the temperature dependence of the rate constant is, in fact, not exponential for these reactions. The nonlinearity of logarithm folding rate on temperature 1/T has been conventionally interpreted by the nonlinear temperature dependence of the configurational diffusion constant on rough energy landscapes [30] or by the temperature dependence of hydrophobic interaction [31, 32] . Another model was proposed more recently to interpret the difference between folding and unfolding by introducing the number of denatured conformation depending on temperature [33] . Recent experimental data indicated very different and unusual temperature dependencies of the folding rates existing in the system of λ 685 mutants [34] and in some de novo designed ultrafast folding protein [35] . These unusual Arrhenius plots of ultrafast folders provide an additional kinetic signature for protein folding.
Protein folding mechanism is commonly studied by use of classical molecular dynamics (MD) simulation as a main theoretical tool. However, when we observe the folding event at the molecular level, the application of quantum theory should be more reasonable. In fact, the classical approach is simply too limited to realize a complete solution of the protein folding problem, especially when the key goal is understanding of the fundamental physics underlying the folding mechanism. It is well known that fluorescence and phosphorescence are phenomena closely related to protein folding. However, since such phenomena can only be understood in the context of the quantum transition between molecules, the study of protein folding should not be divorced from the framework of quantum folding theory. Although the role of quantum decoherence was widely recognized in the last decades, the estimate of decoherence time for torsion degrees of freedom of a macromolecule does not preclude the possibility of its maintenance of quantum nature [36] . In recent years the quantum mechanical calculation for three-atom and four-atom reactions was worked out and the rate constant as a function of temperature was deduced [37] . However, to generalize the quantum calculation to the multi-atom system is still a difficult task. That protein folding is essentially a quantum transition between torsion states was proposed in recent work [36,3841] . Based on this essential argument, the present work aims to apply the quantum transition theory to study the folding rate of two-state proteins, making a comprehensive analysis of the existing rate data and bringing more insight to the widely distributed and uniquely temperature-dependent folding rates.
Materials and methods

Datasets
Recently Garbuzynskiy and coworkers [42] collected folding rate data for 107 proteins-69 two-state proteins and 38 multistate proteins. Of the 69 two-state proteins, four (PDB code 1VII, 2PDD, 1PRB and 2A3D, respectively) will not be considered in our study because their folding experiments were carried out at high temperature, and extrapolation of these experimental results to 25°C inevitably contains a large error. The remaining 65 two-state proteins whose folding experiments were carried out at around 25°C constitute the dataset we used to compare the theoretical vs. experimental results (see details of the dataset as listed in Table 1 ). On the other hand, in studying the temperature dependence of folding rate, we used the experimental data of 16 proteins collected by Ghosh et al. [33] (Table 2) . ). Both data are taken from [42] . *, The chain length L means the number of folded residues according to PDB. &, Secondary structure was assigned from Protein Data Bank [43] coordinates of proteins by using the program dssp ( [44] , http://swift.cmbi.ru.nl/gv/dssp/), which marks helical residues by symbols H and β-structural residues by symbols E. L α means the number of α helical residues, and L β the number of β-structural residues. $, N is the number of torsion modes calculated following the rule given in section 1.2. F is the structural class parameter defined in the text eq. (11) and calculated following the rule: F=81 for (L α L β )/L0.6, 25 for 0.3(L α L β )/L<0.6, and 1 for (L α L β )/L<0.3. L α and L β are the number of residues in α helix and β sheet, respectively, and L is the number of folded residues according to PDB. 
Quantum folding model
We investigated protein folding rate as the quantum transition between torsion states on polypeptide chain. Compared with other dynamic variables, such as mobile electrons, chemical bonds and stretching-bending vibrations, also called fast variables, molecular torsion has the lowest energy and can be viewed as the slow variable of the macromolecular system. Assuming that "the slow variables slave the fast ones" and using the nonadiabaticity operator method, a formula for protein folding rate in analytical form was deduced in previous results [36, 39] , as
where W means protein folding rate at given temperature and denaturant concentration, V I  is slow-variable factor a is the square of the matrix element of the fast-variable Hamiltonian operator, or, more accurately, its change with torsion angle, averaged over M modes, B k is Boltzmann constant, T is absolute temperature and G  is the free energy decrease per molecule between initial and final states, as slow variables and the adiabatic approximation applicable.
To obtain quantitative result from eq. (1) one should calculate the number of torsion modes N in advance. N describes the coherence degree of multi-torsion transition in the folding. Based on the idea that the two-state protein folding is equivalent to a quantum conformational transition we assume that N is obtained by the numeration of all main-chain and side-chain dihedral angles on the polypeptide chain except those residues on its tail which does not belong to any contact. A contact is defined by a pair of residues at least four residues apart in their primary sequence and with their spatial distance no greater than 0.65 nm. Each residue in such contact fragment contributes two main-chain dihedral angles and, for non-alanine and -glycine, it contributes 14 additional side-chain dihedral angles [53] . To avoid repetitive enumeration, we assume that n=polypeptide chain length minus residues not contained in any contact fragment. Thus, the total number of main-chain dihedral angles in the polypeptide chain is 2n. The number of side-chain dihedral angles n′ can be enumerated in the same way (Table 3, Figure 2 ).
Based on eq.
(1), the following two problems on protein folding rate were studied.
Temperature dependence of protein folding rate
The temperature dependence of the transition rate reflects the folding dynamics of a protein. In principle, for any given protein, the problem can be solved starting from eqs. (1)and (2). In addition to the explicit T dependence in these equations, we should consider the association between free energy change G and temperature. Assuming that the torsion potential is susceptible to temperature at melting point (T c ) since a protein may undergo a transition of structure near melting temperature [54] , and setting
we obtain
where G f is the measured value of folding free energy decrease at temperature T f . Inserting eqs. (3)-(5) into eqs. (1) and (2), we obtain
where S is the slope parameter and R-its modification on Arrhenius plot and const means a constant independent of temperature T,
Thus, the relationship between rate slope and temperature on Arrhenius plot is
In a previous work [55] we deduced a similar relation for a simple system consisting of molecular torsions and only electrons as fast variables. It was demonstrated that, because the temperature dependences of folding rate caused mainly by torsion motion but not by fast-variables, only small changes occur (namely, the symbol of 1/2T term in eq. (9)) between two results and no important modification can be observed on the Arrhenius plot [36] .
Statistical investigations on the folding rates of 65 two-state proteins
To make the statistical investigation of the folding rate for two-state proteins, based on eqs. (1) and (2) a model on the folding rate can be established through the following steps.
(i) Study the relationship between folding free energy ∆G and N. At a given temperature, it was reported that the folding free energy ∆G of a polypeptide chain is approximately proportional to chain length [42, 56] . Accordingly, we investigated ∆G with N for 65 two-state proteins and found a good linear relationship existing in these two quantities: 
where c u is a constant in the database which will be absorbed in c 0 of the next equation (12), F is a factor related to the secondary structure content of the protein, and d is a dimensional parameter describing how the fast-variable is related to torsion potential.
(iii) Give an expression for the folding rate of any two-state protein in the database. Inserting eqs. (10) and (11) into eq. (1), we obtain the relationship between folding rate and torsion mode number N, as 2 0.5 0.
Here, 
  the frequency ratio averaged over proteins).
Results
Results of temperature dependence of folding rate for 16 typical proteins
We have predicted a universal protein folding rate/temperature relationship given by eq. (6) or (9) on the Arrhenius plot. As is well known, the experiments on protein folding rate/temperature relationships exhibit the following characteristics of non-Arrhenius behavior. The folding rate universally decreases upon increase of temperature, and even the crossover occurs at high temperature from normal positive barrier to abnormal negative [4, 6,34,35,4956] . These characteristics can all be explained by the temperaturedependent terms in eq. (6). The last term, RT 2 in eq. (9) is the main terms contributing to curvature of the Arrhenius plot. To make a more quantitative comparison between theory and experimentation, we studied 16 proteins with currently available experimental data on temperature-dependent folding rate and folding free energy (Table 2) . We find that eq. (6) is in good agreement with the rate/ temperature dependence for each protein (Figure 3) . It is not surprising that the non-Arrhenius dependence occurs in the protein folding rate since lnW given by eq. (1) contains the square free energy term (∆G) 2 in addition to the linear term ∆G. Therefore, the curious non-Arrhenius temperature-dependence has been successfully explained in the proposed quantum folding model.
In our model the universal non-Arrhenius characteristics of folding rate are described by two slope parameters S and R and these parameters are related to the known folding dynamics. Through solving eqs. (7) and (8), we obtain η∆E(T c ) and ε (or  ) for each protein since S and R have been determined by temperature-dependent folding rates, and the free energies ∆G f have been measured at some temperature T f . Then, for given η, the energy gap parameter ∆E(T c ) is obtained, and the frequency-ratio parameter λ is deduced. Thus, all parameters related to torsion potential defined in this theory can be determined. The results are summarized in Table 4 . We notice that all conformational potential parameters can be calculated consistently with each other for all studied proteins. These torsion parameters will be able to give deeper insights into the understanding of folding mechanism. proteins are given in Table 2 .
Prediction on temperature dependence of unfolding rate for 16 typical proteins
It was indicated that the plots of lnW versus 1/T are strongly curved for refolding of some proteins, but almost linear for their unfolding under denaturant [33] . However, in our model the folding and unfolding can be studied on the same foot. From eq.
(1) the unfolding rate W u for the reversed process is easily obtained by the replacement of ∆G by ∆G and  (  ) by  (  ) in W f , as eq. (13) . It leads to
In eqs. (14) and (15),
Therefore, in this theory the folding and unfolding rates are correlated with each other, needless of introducing any further assumption as given in [33] .
From eqs. (7), (8), (14) , and (15) one deduces
Thus, the temperature dependence of unfolding rate can fully be predicted from the temperature dependence parameters of folding rate under given frequency ratio /   .
The frequency ratio can be estimated from the parameter  in Table 4 . We found that the predictions for 16 proteins are in good agreement with experimental data (Figure 4) . s  and r  for each protein are given in Table 5 Table 4 and r  in the 5th column is supposed to be s  r  , where r  is introduced to take the possible error existing in the unfolding rate measurement (the values of  and r  have been chosen appropriately through the minimization of MRE);   ′ in the 6th column is deduced from W are experimental and theoretical unfolding rates respectively at the i-th temperature (i=1,…,n). Following this definition, if the unfolding rate of a protein takes a value near 0 at some temperature then the MRE will be abnormally large (as shown in the table for 1div and 1iet).
Results of statistical analysis of 65 two-state protein folding rates
Eq. (12) gives a relation for predicting the folding rate of any two-state protein. For a dataset of 65 two-state protein at temperature T 0 =298 K, the prediction results are shown in Figure 5 . The correlation between theoretical logarithm rate lnW f and experimental lnk f has attained 0.73. Much work on the folding rate prediction was published in the pureempirical approach. They include the prediction model based on amino acid sequence [18,2628] , based on tertiary structure [15, 29] and based on secondary structure [17] , etc. The prediction accuracy is generally dependent on the size of database. For the same database of 65 two-state proteins, the prediction results are listed in Table 6 . From Table 6 we find the present prediction is better than other empirical models in the correlation coefficient R and it is comparable with model ACO, SMCO and L eff but better than others in the standard error σ. Garbuzynskiy et al. [42] recently proved that the measured protein folding rates fall within a narrow triangle (called Golden triangle). Our results give an explanation for the origin of the Golden triangle.
It is worth pointing out that if the free energies G are directly taken from the experimental data instead of using eq. (10) then the prediction accuracy on folding rate from (1) and (11) will be further increased, the correlation coefficient R between theoretical and experimental logarithm rate for 65 two-state proteins attained 0.78 [57] . 
2.78
All the models were tested on the set of 65 two-state proteins. R, P-value and σ are correlation coefficient, level of significance of linear regression (by F-test) and standard error between experimental folding rates and predicting folding rates, respectively. The standard error is defined by [15] and ACO [29] from web server at http://depts.washington.edu/bakerpg/contact_order/. f) Size-modified contact order SMCO=RCO×L 0.7 [29] , L, number of residues that have defined three-dimensional coordinates and contribute to the relative contact order (RCO) calculations. g) The effective length of the folding chain L eff =LL H +l 1 N H [17] , where L H is the number of residues in helical conformation, N H is the number of helices, and l 1 =3. Following [17] , the folding rate is proportional to eff P L with P=0.1. The prediction is carried out by using the linear regression between eff P L and experimental rate and the Jackknife test. Secondary structure was assigned from Protein Data Bank coordinates of proteins by using the program DSSP, which marks helical residues by symbols H. h) L is number of residues that have defined three-dimensional coordinates.
Discussion
Temperature dependence of free energy and folding rate
In studying the temperature dependence of folding rate, we assume that the torsion potential parameter ∆E is a linear function of T by eq. (3). This is equivalent to assuming that the free energy change ∆G per molecule is linearly dependent on temperature by the relationship that exists between ∆E and ∆G, as in eq. (2). The linear relationship between ∆G and T is checked for 15 proteins under investigation (listed in Table 2 , apart from 1iet whose free energy cannot be fully determined from the experimental data [48] ), and we found that the correlation coefficients were higher than 0.99 for most proteins. Figure 6 gives two examples.
To solve the conformational parameters η∆E(T c ), ε and  for each protein from slope parameters S and R on Arrhenius plot, one should use the free energies ∆G f measured at temperature T f . It is required that T f be lower than melting temperature T c by 10 degrees or more, because there is some ambiguity in the experimental determination of the free energy change ∆G as T near T c . The reason is as follows. From eq. (1) the relation between unfolding rate W u and folding rate W f is 
is plotted for various temperature T f in Figure 7 . We find [
k T increases rapidly as T f approaches T c . Thus, the small error in free energy measurement at temperature T f near T c would bring about the instability of some theoretical results.
Since the denaturant possibly changes the torsion force Figure 6 The linear relation of experimental folding free energy ∆G with temperature T for protein 1E0L and 1PIN.
Figure 7
The change of ( ) / ( ) field, the energy gap ∆E is a function of both variables, temperature and denaturant. Therefore, the free energy ∆G and the folding and unfolding kinetics depend not only on the temperature but also on the denaturant concentration. The denaturant dependence of folding rate has not been discussed in the article; however, the problem can be studied in the present theory because eq.
(1) provides a basis for understanding the role of the influence of temperature and denaturant on the folding/unfolding kinetics.
The relation between free energy and N
The linear relation of free energy ∆G with N , eq. (10), is used in the statistical analysis of protein folding rates. The relationship of ∆G with N can be understood by the Einstein's formula of random walk-distance square proportional to the number of walk steps-in his famous analysis of Brownian movement. The relation has been tested for 65 two-state proteins under investigation ( Figure 8A ). The regression analysis gives the correlation coefficient R between ∆G and N as 0.67 (P<0.0001, F-statistic test). Garbuzynskiy et al. [42] suggested another relation between free energy ∆G and length of chain L, Figure 8B . We found the correlation coefficients R are nearly the same for both relationships of free energy with protein dimension.
To study the origin of the error occurring in the statistical relation between free energy and N , we change the temperature at which the free energy is measured for 16 proteins in Table 2 and classify these proteins into five groups following the divergence of temperature Table 2 . The structure-related parameter F is also introduced in the fast-variable factor Mā 2 of the folding rate formula. From experimental data analysis we found that F should be larger for a protein with more residues in α helix; for example, F takes a value 81 for pure α helix chain (Table 1) [42] . On the other hand, although the rate W min is much higher than the experimental lower limitation W min (biol)=0.003 s −1 [42] , the predicted minimum of the rate seems not conflict with any existing two-state protein data. For multi-state protein one may assume the folding is a mutual process of several quantum transitions in different domains and that some time delays exist between these transitions [40] . Therefore, it is reasonable to assume that multistate folding proceeds in a larger spatial dimension and needs more execution time. (12) 
Generalization of folding rate prediction to the case of varying temperature
Eq. (12) is established based on the statistical analysis of protein folding rates at given temperature T=T 0 =298 K. However, the equation can be generalized and it will be usable for the prediction of the folding rate of any two-state protein at different temperatures 
Notice that eq. (21) takes the same form of temperature dependence as given in eq. (6). Thus, eqs. (21) and (22) provide a useful tool for predicting protein folding rates at different temperatures. For 15 proteins (listed in Table 2 , apart from 1iet) whose experimental data on the temperaturedependent rates and free energies had previously been available, the prediction results are shown in Table 8 .
From Table 8 we find that S pred /R pred is in good agreement with S/R for each of the 15 proteins and R/R pred takes a value between 0.6 and 3 for most proteins. This gives basically consistent-with-experiment predictions for the temperature dependence of folding rates. The larger deviations of R/R pred from one for some proteins are attributed to the common 0  used in calculating R pred . In fact, the diversity of 2 2 ( )   for different proteins (that can be found in Table 4 ) makes 0  vary in the 15-protein dataset.
By using eqs. (20) (22) with the same parameters, we are able to predict the folding rate for the proteins 1VII [59] , 2PDD [52] , 1PRB [51] and 2A3D [35] (collected in [42] but not considered in our 65-protein dataset) whose folding rates were measured at high temperatures (higher than T 0 ). The calculated temperature dependences of these proteins agree well with the experimental data. Theoretical logarithm folding rates lnW differing from experimental lnk f at different temperatures for each protein are only in the range of 1%2%.
Comparison with molecular dynamics predictions
Recently, by using massively parallel supercomputer Anton, the atomic-level molecular dynamics simulations were performed for 12 fast-folding proteins and the folding times of these proteins were predicted [60] . The experimental measurements of the folding rate were carried out under higher temperatures. Of the 12 proteins, only Villin, NTL9 and Homeodomain are not included in the 65-protein dataset and have experimental rate data at lower temperature near 298 K. By using eq. (12) we predicted the folding times for Villin, NTL9 and Homeodomain are 8.5, 1287 and 70 µs respectively, near the experimental values 0.7 [61] , 827 [62] and 13 µs [63] . The differences between predicted lnW f and experimental lnk f fall in the range as shown in Figure 5 . While the molecular dynamics simulations by Shaw et al. gave the folding times 2.8, 29 and 3.1 µs respectively. But their simulation temperatures were assumed to be near 360 K, explicitly higher than experimental temperature. If the MD simulation is not strongly dependent on temperature, then the above two predictions, from MD simulation and from quantum folding, can be compared with each other. About the temperature dependence of folding rate, our approach has deduced a definite relation, eq. (21). We have checked the relation for proteins Villin [61] , BBL [64] and α3D [35] whose experimental data on folding rate at more than one temperatures were published. The logarithm folding times at different temperatures are in accordance with eq. (21) (Table 8) .
Conclusion
The temperature dependence of the folding rates for 16 fast-folding proteins is studied statistically from the view of quantum transition and the abnormal non-Arrhenius peculiarities have been explained. A statistical formula for the prediction of protein folding rates is proposed based on quantum folding theory. The formula is tested on a dataset of 65 two-state proteins and compared with other prediction models. The results obtained in this article support the conformational quantum transition theory of protein folding, giving a new approach to the exploration of the protein folding mechanism. 
